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Abstract 



Ph , We study the existence and nonexistence of positive (super) solutions to the nonlinear 

■^^ ' p-Laplace equation 



^ ■ -Ar,u - -A-vP-^ = ^^u 



^ \x\'P \x\ 



in exterior domains of R^ {N > 2). Here p G (1, +00) and /i < Ch, where Ch is the critical 
Hardy constant. We provide a sharp characterization of the set of {q, a) € M.'^ such that the 
equation has no positive (super) solutions. 

The proofs are based on the explicit construction of appropriate barriers and involve 
Qv ' the analysis of asymptotic behavior of super-harmonic functions associated to the p-Laplace 

\^ . operator with Hardy-type potentials, comparison principles and an improved version of 

^^ ' Hardy's inequality in exterior domains. In the context of the p-Laplacian we establish the 

"nI , existence and asymptotic behavior of the harmonic functions by means of the generalized 

^^ ' Priifer- Transformation. 

o 
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1 Introduction and Results 

We study the problem of the existence and nonexistence of positive (super) solutions to nonlinear 
p-Laplace equation with Hardy potential 

(1.1) -A„u - j^uP-^ = -^ui in 3% 

where — Aptt = — div(|Vn[P^^Vn) is the p-Laplace operator, 1 < p < cxo, C > 0, ^ € M, 
(g, g) G R2 and B'p := {x G M^ : \x\ > p} is the exterior of the ball in R^ , with iV > 2. We say 
that u G Wi^^{G) n C{G) is a super- solution to equation (|1.H) in a domain G C M^ with ^ G 
if for all < 93 G Wc'^{G) n C(G) the following inequality holds 

/ Vu\Vu\P-^Wipdx- I j^uP-^^dx > I ^u'i^dx. 

JG JG Fr JG Pi 

Here and below Wc'^{G) := {u G W^/of (G), supp(n) d G}. The notions of a sub-solution and 
solution are defined similarly, by replacing " > " with " < " and " = " , respectively. It follows 
from the Harnack inequality (cf. [l^]) that any nontrivial nonnegative super-solution to 1)1.1(1 
in G is strictly positive in G. 

One of the features of equation (|1.1|) on unbounded domains is the nonexistence of positive 
solutions for certain values of the exponent q. Such Liouville type nonexistence phenomena 
have been known for semilinear elliptic equations {p = 2) at least since the celebrated works of 
Serrin in the earlier 70's (cf. the references in 01]) and of Gidas and Spruck [J^. One of the 
first Liouville-type results for the nonlinear p-Laplace equations in exterior domains is due to 
Bidaut-Veron "W, Theorem 1.3]. Theorem A below extends the result in jH], including the cases 
p > N and q < p — 1. 

Theorem A ( 8, Theorem 1.3], Theorem 11.11 below) . The equation 



(1.2) -ApU = u'^ in B 



p 



has no positive super- solutions if and only if q* < q < q* , where q* = ^J when p < N, or 
q* = -|-oo when p > N, and q^ = —00 when p < N or q* = ^~ ' when p > N. 

Theorem A had been generalized and extended in various direction by many authors (see, 
e.g., ini OSl El EHl and references therein). The techniques in those works usually involve 
careful integral estimates and/or sophisticated analysis of related nonlinear ODE's. A different 
approach to nonlinear Liouville type theorems goes to back to an earlier paper by Kondratiev 
and Landis 26^ and was recently developed in the context of semilinear equations (p = 2) in 
[23 [2H1 [2ni OOj- The approach is based on the pointwise Phragmen-Lindelof type bounds on 
positive super-harmonic functions and related Hardy-type inequalities. 

Recall that the classical Hardy inequality states that 

(1.3) / \Vu\Pdx>GH [ -^dx, yueG^iB':), 



with the sharp constant Ch 



N-p 
P 



P 



, p > 1. The optimahty of the Hardy constant Ch imphes, 



via Picone's identity, the fohowing nonexistence result. 

Theorem B (^ Corollary 2.2], Corollary 13.21 below) The equation 

(1.4) - Apu - T^uP-^ = tn B'i 

has no positive super- solutions if and only if fJ- > Ch- 

Let us sketch a simple proof of the nonexistence part of Theorem A in the case p ^ N 
and q^ < q < q* . Indeed, let u > be a super-solution to ()1.2() . Then —ApU > in B^. A 
comparison principle for the |)-Laplacian in exterior domains (see Theorem 12.71 and Theorems 
13.41 and 13.51 below) implies that u obeys the Phragmen-Lindelof type bounds 



(1.5) clxP" < inf u < c \x\^+ in S 



2p) 

where 7_ = min{0, ^^^j-} and 7+ = max{0, ^^^j-}- 

Assume that q > p — 1 and perform a homogenization of equation (|1.2|) rewriting it in the 
from 

(1.6) -ApU = V{x)uP-^ in B^^, 

where V{x) := u'^~^p~^'. Using the lower bound from ()1.5() . we conclude that 

T^(x)>ci|xp-(^-P+i) in Bip. 

Hence, by Theorem B, (|1.H|) has no positive super-solutions provided that 'y-{q — p + 1) > —p. 
Therefore (|1.2|) has no positive super-solutions when p — 1 < q < q* ■ 

Now assume that q < p — 1 . Then a standard scaling argument (see Lemma 14.41 below) 
shows that any super-solution n > to nonlinear equation (|1.2|) obeys the lower bound 

p 
u > c\x\ (p-i)-'J in B2 . 

Comparing this "nonlinear" estimate with the upper bound in H1.5|l . we conclude that equation 
(|1.2|) has no positive super-solutions for q^ < q < p — 1. 

The above simple proof relies only on Theorem B and pointwise Phragmen-Lindelof type 
bounds (|1.5j) . It does not cover the critical cases q = q* and q = q* , where additional arguments 
are required. On the other hand, an explicit construction of radial super-solutions to H1.2() when 
q ^ [q*, q*] shows that the values of the critical exponents q* and q^ are sharp. Considerations 
of this type first appeared in j27j . They have proved to be a powerful and flexible tool for 
studying nonlinear Liouville phenomena for various classes of elliptic operators and domains, 

see 123 EHl EHl Ea Ea ESI • 

In this paper we are interested in nonlinear Liouville theorems for perturbations of the p- 
Laplace operator by the Hardy type potential. To explore the impact of the potential on the 
value of the critical exponents q* and 5* , let us consider the equation of the form 

(1.7) -A„u - T-T—y^~^ = -"' in Bl, 

where /x G M and e G M. One can verify directly that if e < and p < 0, then ()1.7() admits 
positive solutions for all g G M, while if e < and p > then (|1.7|) has no positive super- 
solutions for any q £ M. The latter follows immediately from Theorem B. On the other hand. 



one can show (see |331 Theorem 1.2]) that if e > then H1.7|) has the same critical exponents q* 
and g* as (|1.2|) . This follows from the fact that positive super-solutions to 

(1.8) -Apu - r-i^u^~^ = in B^ 

satisfy the same bound (|1.5|) as super-solutions to —ApU > in B^. 

In this paper we show that in the borderline case e = the critical exponents for equation 
(|1.7j) explicitly depend on /x. This is a consequence of the fact that the Phragmen-Lindelof 
bounds for equation (jl.Hj) with e = become sensitive to the value of the parameter ^u. Such 
phenomenon and its relation to the Hardy type inequalities has been recently observed for p = 2 
in the case of the ball as well as exterior domains in J121I131[T^ 13211571 I451I47J . The main difficulty 
comparing with the semilinear case p = 2 arises when a comparison principle for the p-Laplacian 
has to be involved in the argument. After examples in jl()| l21j it is known that solutions to the 
equation —ApU — V{x)uP~^ = may not satisfy the usual comparison principle as soon as the 
potential has a nontrivial negative part {V~^). The proof of the (restricted) comparison principle 
requires delicate arguments. We provide a new version of the comparison principle (Theorem 
12.7)1 ■ following the ideas from |35- In order to use this result for obtaining sharp Phragmen- 
Lindelof bounds one has to produce explicitly a radial sub-solution to a homogeneous equation 
in the exterior of the ball with zero data on the sphere. This has been resolved in this paper by 
means of the generalized Priifer transformation (see [^ and Appendix B.3), which, up to our 
knowledge, has never been used before in this context. We also provide an elementary proof of 
an improved Hardy Inequality in exterior domains. Improved Hardy Inequality plays a crucial 
role in our analysis of equation 1)1.1(1 in the critical case fi = Ch- 

To formulate the main result of the paper we assume that fj, < Ch, otherwise (|1.1(1 has no 
positive super-solutions by Theorem B. When fi < Ch, the scalar equation 

--fhrH-f{p - 1) + N - p) = fi 

has two real roots 7_ < 7+. Note that if /i = Ch then 7_ = 7+ = ^-z— . For /i < Ch we 
introduce the critical line A*(g, /i) for equation (|1.1|1 on the {q,a)-pla.ne 

A4q,fi) := mm{j^{q - p + 1) + p, -y+iq - p + 1) + p} {q G M), 

and the nonexistence set 

J\f = {{q,<j) G M \ (p — ^,p) '■ (|1-1|) has no positive supers olutions in B^}. 

Theorem 1.1. The following assertions are valid. 

(i) If ikCh then M = {a < A^{q)}. 

(a) If i_i = Ch thenM = {a < A^{q)} U {a = A^{q), q > -1}. 

Remark 1.2. (i) Observe that in view of the scaling invariance of (|1.1|1 if u{x) is a solution to 
()1.1|1 in Bp then T9~(''"^'u(Ty) is a solution to ()1.1|1 in B^,, for any r > 0. So in what follows, 
for q ^ p — 1, we confine ourselves to the study of solutions to (jl.ljl on B^. For the same reason, 
for q ^ p — 1 we may assume that C = 1, when convenient. 

(ii) Using sub- and super-solutions techniques one can show that if l|l.l(l has a positive super- 
solution in Bp then it has a positive solution in B^ (see Lemma r2.12|) . Thus for any (g, a) G M'^\A/' 
equation ()1.1(1 admits positive solutions. 

(Hi) Figure n shows the qualitative pictures of the set M for typical values of 7^, 7+ and 
different relations between p and the dimension N >2. 
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Figure 1: The nonexistence set TV of equation Hl.l|) for typical values of 7_ and 7+. 



The paper is organized as follows. Section 2 contains various preliminary results, including 
appropriate versions of the Comparison Principle and Weak Maximum Principle in unbounded 
domains. In Section 3 we give a new proof of an improved Hardy Inequality with sharp constants, 
which is based on Picone's identity and simplifies some arguments used in the recent papers 
Pl [71 l2Ul I24j . Section 3 also includes sharp Phragmen-Lindelof bounds. The proof of the main 
result of the paper. Theorem I l.H is contained in Section 4. 

The Appendix includes various auxiliary results which are systematically used in the main 
part of the paper and often are of independent interest. Parts A and B of the Appendix contain 
explicit constructions and estimates of radial sub- and super-solutions to homogeneous p-Laplace 
equations with Hardy-type potentials. Finally, in Part C of the Appendix we construct large 
sub-solutions to a homogeneous equation in the exterior of the ball with zero data on the sphere 
using the generalized Priifer transformation technique. 

2 Background, framework and auxiliary facts 

Here and thereafter A^ > 2, 1 < p < cxo, g € M and C > 0, unless specified otherwise. For 
< p < R < -|-oo, we denote the exterior of the closed ball, the open annulus and the sphere of 
the radii p by 

B'p := {x G M^ : |xi > p} , Ap^n := {x G M^ : p< \x\ < R} , Sp := {x G M^ : |x| = p}. 

For a function u = u{x) we denote u^ = m.ax{u, 0} and u^ = — min{n, 0} the positive and 
negative parts of u, respectively. By c, ci,C2,... we denote various positive constants whose 
exact values are irrelevant. 

Homogeneous form associated to p-Laplacian. Let Sy be a homogeneous form defined 

by 

(2.1) Sviu) := / \Vu\Pdx - [ V\u\Pdx {u G W}'P{G) nC{G)), 

Jg Jg 

where G C M^ is a domain (i.e. an open connected set), and < F G L'^^{G) a potential. 
Consider the equations associated with £y 

(2.2) - /^pU-V\u\P-'^u = in G, 

(2.3) -ApU-V\u\P-^u = f m G, 

where < / G L\^^{G). We say that u G Wj^^^{G) fl G{G) is a super- solution to equation (|2.3j) 
in a domain G C M^ if for all < (^ G Wc'^{G) n G{G) the following inequality holds 

/ Vu\yu\P-'^Vipdx- I -^|njP~2 dx > / fipdx. 
Jo Jg Fr Jg 

The notions of sub-solution and solution are defined similarly by replacing " > " with " < " 
and " = " respectively. 

Let u > be a solution to 1)2.2(1 in G and let G' <s. G. Then the following strong Harnack 
inequality (cf. |E1 Theorems 5, 6, 9]) holds 

(2.4) sup n < Cs inf n, 

G' G' 



where the constant Cs > depends on p, N, G', G only. The Harnack inequality and comparison 
principle in bounded domains \Z'A\ I46j imply that any nontrivial nonnegative super-solution to 
(jl-lj) in G is strictly positive in G. 

We say that the form Sy is positive definite if 

Sv{u)>{), \/ueWl'P(G)^^C{G), Uy^O. 

In this section we study the relation between the positivity of the form Sy and the existence 
of positive super-solutions to the equation (|2.l'{|) . In the linear case p = 2 such a relation is 
well-documented, see e.g. |1]. We start with formulating the well-known Picone's Identity for 
p-Laplacian (see e.g. jHl El USD- 
Proposition 2.1 (Picone's Identity). Let w,4> G Wl^^{G) n C{G) be such that w > and 
> 0. Set 

C{w,<P) := \Vw\P + {p - I) (^^ \V(l)\P-p(^^ Vw\V<P\P-^Wcl), 

Then C{w, 4>) = TZ{w, </>) > a.e. in G. Moreover, C{w, (j)) = TZ{w, 0) = a.e. in G if and only 
if w = c(j) in G for a constant c > 0. 

An immediate consequence of Picone's identity is that the existence of a positive super- 
solution to (|2.3() implies positivity of the form £y, as the following proposition shows. 

Proposition 2.2. Let (p > be a super- solution (sub-solution) to equation (|2.l-{|) . Then the 
form £v satisfies the following inequality 

(2.5) £viu)>(<)[n(u,(p)dx+[^-\u\Pdx, ^ u eW^'P(G) r\G(G). 

Jg Jg ^"^ 

Remark 2.3. (i) If (/> > is a super-solution to (|2.3|) then TZ{u, </>) > a.e. in G and, in 
particular, 

£v{u) > I -^\u\Pdx > 0, V-u G W^'P{G)riC{G). 
If, in addition, / > then 

£v{u)>0, yueW^'P{G)nGiG), u^O. 
(ii) If i;^ > is a solution to (|2.Hj) then inequality (|2.5j) becomes an identity. 

Proof. Let > be a super-solution (sub-solution) to 1)2. 3|1 . Testing (|2.3(1 by ^ = 4^zrT G 
Wc'^'iG) n G{G) we obtain 



[ VuPdx <{>)p f !^ }^' Vndx-(p-l) [ |V0|P -/dx- f 
Jg Jg 9 9 Jg 9 Jg 



iG r-' 



'u\P dx, 



IG JG 

which implies (|2.5|) . D 

The following straightforward corollary of Proposition l2.2l is our main tool in proving nonex- 
istence of positive solutions to nonlinear equation Hl.lj) . 



Corollary 2.4 (Nonexistence principle). Assume that there exists u G Wc'^{G) PI C{G) such 
that £v{u) < 0. Then equation (|2.2|) has no positive super-solution. 

Another interesting application of Proposition 12. 21 is a version of Barta's inequality (cf. !1|). 

Corollary 2.5 (Barta's inequality). Assume that equation H2.2|) admits a positive super-solu- 
tion. Then for every < if e W^;^ {G) (1 C (G) such that - Apip - V (pP~'^ £ ^lod^) ^^^ following 
inequality holds 

,2,6) .nf-^'''-r^'''< W !oH^f-V-ni-, 

x&G ipP o<uew^'Pnc{G) Jg'^^^^ 

Proof. Set F{x) := —Apip — Vip^^^ € Lj^^{G). We may assume that F > (otherwise inequality 
H2.6|l is trivial). Proposition 12.21 implies that 

£v(u) > I -^uPdx > inf -^ / u^dx, Vu G W^^p(G) n C(G). 

Jg f^ ^GG 99P i Jg 

So the assertion follows. D 

We need the following version of the Caccioppoli inequality, which is a consequence of 
Proposition 12.21 

Corollary 2.6 (Caccioppoli-type Inequality). Let u > be a sub-solution to (|2.2j) . Then 

(2.7) / \9Vu\Pdx<p I VuP\e\Pdx+pP I uP\\/9\Pdx, V^ G W,^'°°(G). 

Jg Jg Jg 

Proof. From 1)2. 5() we have 

£v{u9) < [ \V{u9)\Pdx -p [ 9Vu \9Vu\p-'^V{u9) dx + {p - 1) [ \9\/u\Pdx 
Jg Jg Jg 

< I \V{u9)\^dx+p I \9Vu\P-^u\V9\dx- I \9Vu\Pdx. 
Jg Jg Jg 

Using the Young's Inequality and (|2.1() we obtain 

I \9Vu\^dx< I VuP\9\Pdx + f-^ I \uV9\Pdx + ^^^ I \9Vu\Pdx, 
Jg Jg Jg P Jg 

so the assertion follows. D 

Comparison and Maximum Principles. We say that < w € ^loci^) satisfies condition 
(5) if the following holds: 

(S) there exists {9n)n(^N C Wc'°°{R^) such that < 6'„ ^ 1 a.e. in R^ and 

/ ']Z{9nW, w) dx ^ as n — > +00. 
Jg 

Notice that if G is bounded and w G W^'P{G) then condition (S) is trivially satisfied with 9 = 1 
inG. 

Using condition (5), we establish a version of comparison principle in a form suitable for 
our framework. The proof follows with certain modifications the ideas in |341 138111^ . 



Theorem 2.7 (Comparison Principle). Let q < p — 1 and < / G Lj^Jfi). Let < u e 
Wi^^{G) n C{G) he a super- solution and v E 1^/o'f (G) n C{G) a sub-solution to equation 

(2.8) - Apu - V\u\P-^u = f\u\'^~^u in G. 

If G is an unbounded domain, assume in addition that dG ^ and v^ satisfies condition {S). 
Then u > v on dG implies u > v in G. 

Proof. Let S := {x & G : v > u}. Assume for a contradiction that S ^ ^. Then 



K := sup log - G (0, +ool. 
x&S ^ uJ 

Fix a positive constant h such that 56 < K. Let rj E C^(M) be a nondecreasing function such 
that 

r/(t) = for t < 26, 7/(t) = 1 for t > 56 and r?'(t) > for 36 < t < 46. 

Let i = 7?(log ^). Then < ^ E W/„'f (G) n C{G) and supp(0 C 5 C G. Let ^ E Wi'°°(M^) 
then supp(0 ^) is compact in G. Later on we specify 9 for the case of a bounded and unbounded 
G. Set 

Clearly cpi, (p2 E Wc'^(G). Since ti is a super-solution to 1)2. 8|) . testing (|2.8|) by (/>! and using 
Picone's Identity we infer that 

< f S,\V ulP-"^ -Wu-V (^^] dx+ f ePvfVlogu-\V log u\f-'^ -VS. dx 

- I vepyp^dx - I ^ePyPi dx 

= f \V{ev)\P^dx- [ n{ev,u)Cdx+ [ QPyPV log u-\Vlogu\P-^- V^dx 
Js Js Js 

- I VePyP^dx - I fu'^-^p-^^ePvP^dx. 
Js Js 

Thus from Proposition 12. II we obtain 

I \V{ev)\Pidx+ [ 9PvP\Vlogu\P-^Vlogu-VCdx- [vePvP^dxy [ fu'^-^P-^^ePyP^dx. 
Js Js Js Js 

Since u is a sub-solution to (|2.8j) . testing (|2.8j) by 02 we derive 



I i\Vv\P-'^VvV{ePv)dx+ I ePvP\Vlogv\P-^VlogvVidx- I VePvPidx< I fQPv'i+^idx. 

"/lb "Jo "Jo "Jo 

Subtracting the former inequality from the latter one and using Picone's Identity again we 
obtain 

(2.9) Xe := f QPyP {\V log v\P-^ -V log v - \V log u\p~^ -V log u)Vidx 
Js 

< [ {\viev)\p - \vv\p~^ ■ wv ■ w{ePv)}^dx - [ f9PvP{u'^-^p-^^ - v'^-^p-^^)^dx 

Js Js 



< / n{9v,v)dx. 



We claim that 

(2.10) X^:= / w^([Vlogt;[P"2- Vlogi;- |Vlogn|P"2- Vlogn) VCdx<0 

Js 

implies S = %. Define the open subset S" C S* by 

5' := {x G G : (log -) € (35, 45)} C S 



w 

and observe that V(loS -) > on S'. There exists at least one connected component Si of the 

set S' such that log ^ attains all values between 36 and 46 on Si. 

Since 

V^ = (Vlogi" — Vlogu)r7'(log— ), 

u 

and 

(izir^zi - |z2r'^2) (^1 - ^2) > 0, vzi,z2 G M^, 

with equality if and only if z\ = Z2, from (|2.1UI) we have X^, = 0. Therefore log- = Cj on Si, 
which is a contradiction. 

Below we show that (|2.1()|) holds. Indeed, if the domain G is bounded then supp(^) (s S 
and one simply chooses 6 = I on G and 9 = on R^ \ G. Then (|2.9() implies that X* < 0. 

Now let G be an unbounded domain. Let On satisfies condition (5). Then supp{6n) n 
supp(^) 7^ for n large enough and from (|2.9|) we have 

hn ^ / T^i^nV, w) dx — > as n — > 00. 

So the assertion follows. D 

The proof of the following lemma follows closely the arguments in ^ Lemma 2.9]. 
Lemma 2.8. Let v be a sub-solution to (12.21). Then v^ is a sub-solution to (12.21). 



Proof. For any e > define v^ = (f^ + e^)^'^. Then < f e G Wi^^{G) and by the Lebesgue 
dominated convergence theorem, v^ converges to \v\ in Wi^^{G). Let < (/> G Wi^^{G) fl C{G). 
A direct computation shows that 



\ 2 2 



which implies that Vw^ • V0 < Vv • V ( ^ (/>) . Set (/>, = i ( 1 + f- ) 0. It follows that 



(2.11) - V{v + v,)-V(t)= - {Vv • V</> + Vue • V(/>) < Vv • V ( - n + — J J = Vv • V(/>,. 
Testing (|2.2|) against ip^ and using (|2.11j) we derive 

(2.12) > [ \Vv\P-^\7vV^,dx- [ V\v\P-^v^,dx 

Jg Jg 

> / \Vv\P-'^V-{v + v,)-V(l)dx- / V\v\P-'^v(l)edx. 
Jg 2 Jq 

Notice that f + f ^ — > w"*" and cp^ — > X{i.+ >o}</' ^-^^ in G as e — > 0. Letting e — > in 1)2. 12() we 
infer that 

/ \V{v+)\P-^ \7iv+) -Vcpdx- I Viv+y-^cpdx < 0, 
Jg Jg 

which completes the proof. D 

10 



We establish the Weak Maximum Principle for super-solutions to 1)2. 2() as a corollary of the 
Comparison Principle and Lemma 12.81 

Proposition 2.9 (Weak Maximum Principle). Let dG ^ 0. Assume that (|2.2|) admits a 
positive super- solution < i?i) € Wj^^^{G) Pi C{G). Let u G ^/o'^(G) n G{G) he a super- solution 
to equation (|2.2|) such that u > on dG. For an unbounded G assuTne in addition that u~ 
satisfies condition (S). Then u >0 in G. 

Proof. By Proposition ESI observe that u~ € Wl^^{G) n C{G) is a sub-solution to (|2?2|) and 
tt~ = on dG. Thus u~ < ecp on dG, for any e > 0. By Theorem 12.71 we conclude that 
u~ < e(f) in G for an arbitrary small e > 0. Hence u^ = in G. D 

Remark 2.10. After examples constructed in J16l I21j (see also discussions in j23l I46j l it is 
known that the form Sy is nonconvex as soon as p 7^ 2 and the potential V has a nontrivial 
'negative' part V~^ , even if Sy is nonnegative and admits representation (|2.5)) with respect to a 
positive super-solution of 1)2. 3(1 . One of consequences of this fact is that the assumption / > 
in Theorem 12 . 71 can not be removed, otherwise the comparison principle fails. 

Positive solution between sub- and super-solutions. We show that the existence of a 
positive super-solution to nonlinear equation Hl.l|) implies the existence of a positive solution 
to (|l.lj) . The following result on bounded domains is standard. 

Lemma 2.11. Let fi < Ch and G <Z B^be a hounded smooth domain. Let v,u G W^''P{G)r\C{G) 
be a sub- and super- solution to (|l.lj) in G, respectively. Assume that < v < u in G. Then 
there exists a solution w G W^'^{G) n C{G) to (jLip in G, so that v < w < u in G and w = v 
on dG. 

Proof. The proof is a standard consequence of the comparison principle and monotone iterations 
scheme (cf. |18( I46j for similar results). We omit the details. D 

By means of the standard digitalization techniques Lemma 12.111 extends to the following. 

Proposition 2.12. Let /i < Ch- Assume that Hl.l|) has a positive super- solution in Bf. Then 
(|1.1|) has a positive solution in B^. 

Proof. Let u > be a super-solution to ()1.1() . Set v = cr'^- and observe that 

-Apt; - -^vP-^ = in B'i, 

so u > is a sub-solution to nonlinear equation (|1.H) in B^. By Proposition IB.l( v satisfies 
condition (5). Choose c in such a way that u > cv for |x| = 2. Thus Theorem 12.71 implies that 
u > V in i?2- By Lemma 12.111 for each n > 3 there exists a solution Wn & W"^'^(^2,n) to Hl.l() 
in yl2,n such that 

(2.13) V < Wn < u in ^2,™, Wn = v on 9^2,™- 

By Corollary [221 we conclude that there exists a constant Mn > such that 

(2.14) I \Vwn+i I |lp(A3,„) <Mn, V n > 4. 

Using (|2.14() and ()2.13() . one can proceed following the standard digitalization techniques in 
order to construct a solution to (|l.lj) with the required properties. D 
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3 Hardy inequalities and positive super-solutions 

One of the crucial components in our proof of Theorem II .11 is an improved Hardy inequahty on 
exterior domains. Inequahties of this type were recently obtained by several authors using vari- 
ous techniques, see [21 01 13 1213 123 • Here we give a simple proof of an improved Hardy inequality 
on exterior domains for all p > 1 and N > 2, which is based on the explicit construction of 
appropriate super- and sub-solution and transformation (|2.5|) . 
Throughout the paper we use the notation 7* := — — and 



(3.1) 



Ch:-- 



p- N 



P 



(~y^ '- 



2p 



N-p 
P 



p-2 



, N J ■ 



, N^p, 




/ 2^ 


N^p, 




m* := 


I /v. 


N = p. 


N = p, 









Recall that, according to Proposition 12.21 the existence of a positive super-solution to the equa- 
tion 



(3.2) 



-A„u 



J^^P-i 



\x\P |x|Plog™* \x\ 

with some /o > 1, implies that the form 



xP-i = in B% 



^fi,siu) 



r yP f \u\P 

VuFdx — Li I -. — ^dx — e / 1 — — — ; — : 

G Jg\A'' JG\x\Plog"^'\x\ 



dx {u^Wl''P{Bl)^C{B^)), 



is nonnegative. Thus, in order to prove an improved Hardy inequality it is sufficient to find 
a super-solution for the corresponding equation. The idea to use Picone's identity for proving 
Hardy type inequalities related to p-Laplace operator goes back to [HI, see also ^H]. However, 
as discovered in [22], such a technique can be in fact attributed as far as to an 1907's paper by 
Boggio [TT] . 

Theorem 3.1 (Improved Hardy Inequality). For every p > 1 there exists p>l such that 



(3.3) 



\Vv\Pdx > Ch 



\v 



p 



-dx + C „ 

B- JB- \Xf Jb- \x\Plog \x\ 



VI 



dx, 



yveW^'P{B':)nC{B' 



The constants Ch oind C* are sharp in the sense that the inequality 

£^.A^)>o, yveW^'P{B'^)nC{B-;,), 

fails in any of the following two cases: 
(i) n = Ch, e > C^, 
(a) n > Ch, e G M. 
Proof. Lemma lA.ll for p ^ N and a direct computation for p = N show that the function 



r"^* (log r)^(log log rY , 



P 



a 



p' 

N-l 

N ' 



re(0,|) foi p^N, 
r = for p = N. 



is a super-solution to equation ()3.2() with fi = Ch and e = C,, in B^ with some p > 1. Thus 
(|3.3|) follows immediately from Proposition 12.21 
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Sharpness of the constants, (i) Define 



(r) =r^*(logr)'^(loglogr)^, { ^ ^'_^ ^ 



/?=J, r€(-i,0) forp/iV, 

/3 = ^, r = forp = iV. 



By Lemma lA.ll (ii) one can choose p > 11 such that (/> is a sub-solution with /i = Ch and e = C* 
in i?p. Let R > p. Following f^, we define the cut-off function 



(3.4) enit) :-- 



2t/p - 3, |p < t < 2p, 
1 2p<t<R, 

'°g^ R<t<R^ 



Below we show that for any e > 0, 

£cH,c,+e{(pOR) -^ -oo as R^ oo, 

where a = 1 il p > 2, and a > - il p < 2. By Proposition 12.21 and using ()B.5|) . (|B.6|) . HB.7|) we 
obtain 

£c„,cA(POr) < CI+C2 f 7^(0S0,0)dx<C3. 

Further, it is easy to see that 

-'A3 „2 FT log F y2p ^log?^ 

Thus for any e > we arrive at 

£c„,c,+e{(t>^R)=£cH,cA4>0R)-£ I 1^1 ^2 1 : dx^ -oo as R^oo. 

Jb% kcPlog \x\ 

(ii) Choosing (f){r) = r^* as a sub-solution to 1)3.2(1 with ^u = C/f and e = C* in Sg; o^^^ can 
verify that ^'A.'A\f with /u > Ch and any e G M fails on the family of functions (p9R defined as 
above. D 

As a consequence of the last theorem we obtain the following nonexistence result, which is 
crucial in our proofs of nonexistence of positive super-solutions to nonlinear equation (|1.1() . 

Corollary 3.2. Equation ()3.2() admits positive super- solutions in B^ with some p > 1 if and 
only if p < Ch oind e € M, or p = Ch cind e < C^=. 

Remark 3.3. Equation (|3.2() with e ^ is not homogeneous with respect to scaling, i.e. the 
existence of a positive (super) solution in B^ with p > 1 does not imply the existence of positive 
(super) solution in B^ and so the value of the radius p > 1 becomes essential. 

Next we describe the behavior at infinity of positive super-solutions to equation (),'-{. 2|) in the 
case when p < Ch and e G [0,C,,). For e G [0, C*), denote by /3_ < /3+ the real roots of the 
equation 



|l7*r'(p-l)(2-/3p)/3 = e if p^N, 
(iV-l)(l-/3)/3^-i = e if p = N. 



(3.5) 

Notice that < /3_ < i < /3+ < | if p y^ iV and < /?_ < ^ < /5+ < 1 if p = iV. 

13 



Theorem 3.4 (Lower bound). Let u > be a super- solution to (|3.2() in B^. The following 
assertions are valid. 

(i) Let n < Ch, e = 0. There exists c > such that 

u > c\x\^~ , X G i?2p- 
{ii) Let fi = Ch, e = 0. There exists c > such that 

u > c\x\'^* , X € i?2p- 
(Hi) Let fj. = Ch, e € (0, C*). For every r < there exists c > such that 

u > c\xp*{log [x|)^" (log log |x|)'^, X G i?2p- 
Proof. Follows from Theorem 12.71 and small sub-solutions estimates in Proposition lB.il D 

The next lemma establishes a Phragmen-Lindelof type upper bound on super-solutions. 

Theorem 3.5 (Upper bound). Let u > be a super-solution to (|3.2|) in B'i. The following 
assertions are valid. 

(i) Let ^ < Ch, e = 0. There exists c > such that 

miu<cR'^+, R>2p. 
Sr 

(ii) Let fj, = Ch, e = 0. There exists c > such that 

inf u < cW' (log Rf\ R> 2p, 

Sr 

where 13* = - for p ^ N or (3* = 1 for p = N. 
(Hi) Let /i = Ch, < e < C*. For every j3 G (/3+, /3=k) there exists c > such that 

inf u < cR"<* (log R)f^, R> 2p. 

Sr 

Proof. Let v > be a large sub-solution to (|3.2|) . that is a positive sub-solution to (|3.2|) that 
satisfies the boundary condition u = on 5p, as constructed in Appendix lUl We are going to 
show that 

(3.6) inf li < csupt", R > 2p. 

Sr Sr 

For a contradiction, assume that for an arbitrary large c > there exists R > 2p so that u > cv 
on Sr. Thus 

u — cv >0 on dAp^R. 

Then Theorem 12. 71 applied on Ap^R yields 

u — cv >Q on Ap^R. 
In particular, this implies that 

u{x) > Cv{x), X € S2p. 

But this contradicts to the continuity of u. 

Now the assertions (i)-(iii) follow from (|3.6|) via Theorems l(L II and 1(121 D 
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4 Proof Theorem 11.11 

First, we prove the nonexistence of positive super-solutions to (|1.1|) in the super-homogeneous 
case q > p — 1 and sub- homogeneous case q < p — 1. After this we show sharpness of our 
nonexistence results by constructing explicit super-solutions in all complementary cases. 

4.1 Nonexistence: super-homogeneous case q > p — 1 

We distinguish between the cases /j, < Ch and /i = Ch- 

Case /i < Ch- First we prove the nonexistence of super-solutions in the subcritical case, i.e. 
when (g, o") is below the critical line A*. 

Proposition 4.1. Let a < 7_((? — p+1) +p. Then (jl.lj) has no positive super- solution in Bf. 

Proof. Let u > be a super-solution to (|1.1|) in Bf. Then u is a super-solution to the homoge- 
neous equation 

(4.1) -A„u - T^uf-^ = in B'j. 

By Theorem K-{.4r i) we conclude that u > cilxp" in Sg- Thus from equation (ILljl it follows that 
u > is a super-solution to 

(4.2) _A„7z - ^i±^^nP-i = in B^, 
where 

with j^(q — p + 1) + p — a > 0. Then the assertion follows by Corollarv l.S.21 D 

Next we prove the nonexistence in the critical case, i.e. when (q, a) belongs to the critical 
line A*. 

Proposition 4.2. Let a = ^-{q — p+V) +p. Then (|1.1|) has no positive super- solution in B^. 

Proof. Let u > be a super-solution to (ll.lj) in Bf. Arguing as in the proof above, we conclude 
that n is a super-solution to (|4.2() . where 

W{x) := C\x\P-''u^-'-P-^^ > C7c?-(P-^)|x|T-('?-P+^)+P-'^ = c. 

Thus u > is a super-solution to the homogeneous equation 

-ApU--^uP-^ = in B^ 

\x\P 

where jl = n + c. Without loss of generality, we may assume that /i < Ch- Then by Theo- 
rem l3.4r i') we conclude that u > C2|x|^- in B2, with 7_ € (7_, 7*). Therefore uisa, super-solution 
to (jl^ with 

and j-{q — p + 1) + p — a > 0. Then the assertion follows by Corollarv 13.21 D 
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Case /i = Ch- In this case the proof of the nonexistence can be performed in one step for 
both sub critical and critical cases. 

Proposition 4.3. Let cr <^^{q — p +'i) + p. Then (|l.lj) has no positive super- solution in Bf. 
Proof. Let u > be a super-solution to (|1.1|) in B^. Then u is a super-solution to 

-A„u - ^uP-^ = in B^. 
^ \x\P ^ 

By Theorem m4f iil we conclude that u > clxp* in i?2- So n is a super-solution to 



(4.3) -A,.-^^^±p^n-^ = m B^ 

where 

W{x) := C\x\P-''u'i-^P-^^ > C7c''-(P-^)|2;P'('?-P+i)+P-<^^ 

with 7*((/ — p + 1) + p — (T > 0. Then the assertion follows by Corollary 13.21 D 

4.2 A nonlinear lower bound 

We will use the comparison principle (Theorem 12.71 in order to establish the following lower 
bound on positive solutions to nonlinear equation lll.ljl in the sub-homogeneous case q < p— 1. 

Lemma 4.4. Let q < p — 1. Let u > be a solution to (|1.1|) in B^. Then there exists c > 
such that 

(4.4) n > cIxI'J-Cp-i) in i?2- 

Proof. Let u > be a solution to (|l.lj) in B^. Let x = Ry with y € A2^r and R>\. Set 

cr — p 

VR{y) := R~i-(p-^)u{Ry). 
Then vii{y) satisfies 



(4.5) -\vr-^VrP-^ = j;^Vr'' in ^2,4. 



/^ p-i c 

yr \y\ 



Let Ai > be the principal eigenvalue and (/>i > be the principal eigenfunction to 

By a direct computation, tq(J)i is a sub-solution to 1)1.1(1 for a sufficiently small tq > 0. Therefore, 
Theorem 12.71 implies that 

VR > To(/)l in ^2,4- 

So, lower bound (|4.4() follows. D 

4.3 Nonexistence: sub-homogeneous case q < p — 1 

As before, we distinguish the cases /i < Ch and fi = Ch- 
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Case fi < Ch- First we consider the subcritical case, when (g, o") is below to the critical line 

A*. 

Proposition 4.5. Let a < 'y-^-{q — p + 1) + p. Then (|1.1|) has no positive super- solution in Bf. 

Proof. Let u > be a super-solution to (|1.1|) in B^. According to Lemma 12. 121 we may assume 
that u is a solution to (|1.1|) in B^. Then u is a super-solution to the homogeneous equation 

(4.6) -Apu - -A^u'''^ = in B^. 

By Theorem 13. 5f i) we conclude that 

(4.7) mfu<ciR^+, R>2. 

Sr 

Since 7+ < _^/~^i\ this contradicts to lower bound (|4.4() . D 

Next we prove the nonexistence in the critical case. When (q, a) belongs to the critical line 
A^,, (|4.7|) is no longer incompatible with (|4.4j) . so we need to improve estimate (|4.7|) . 

Proposition 4.6. Let a = ^+{q —p+1) +p. Then (|1.1() has no positive super- solution in B^. 

Proof. Let n > be a super-solution to (|l.ll) in Bf^. According to Lemma 12. 121 we may assume 
that n is a solution to (|1.1|) in Bf. Using (|4.4j) we conclude that n > is a solution to 

(4.8) _A„« - ^i±^^uP-i = in B1, 
^ ^ ^ \x\P ^ 

where W{x) := C\x\p~'^u''~^p~^' G L°°(i?2)- Thus the strong Harnack Inequality (|2.4|) combined 
with upper bound 1)4. 7(1 implies that 

sup u<Cs inf n < ci?^+ , R> 4, 

Ar/2.R Ar/2,R 

and hence W{x) > ci in i?|, for some ci > 0. Therefore n > is a super-solution to 

(4.9) -ApM - -TT^uP-^ = in S|, 

where fl = fi -\- e with < e < ci small enough. Without loss of generality we may assume 
that /i < Ch- Then by Theorem 13. 4^ ) we conclude that inf^^ u < cE?+ for all i? > 4, where 
7+ G (7*, 7+) is the largest root of the equation ()A..S|) with fi in place of //. This improved 
estimate contradicts to lower bound (|4.4() . D 

Case ji = Ch- First we prove the nonexistence in the subcritical case, when (g, a) is below to 
the critical line A*. 

Proposition 4.7. Let a < 7=1,(5 — p-\- 1) -\- p. Then (|l.lj) has no positive super-solution in B^. 

Proof. We start as in the proof of Proposition 14.51 with Ch in place of /j, in 1)4. 6|) . By Theorem 
13.5r ii) we conclude that 

(4.10) inf u < cW* (log Rf , R>2, 

Sr 

where /3* = 1 for p = N and (3* = - for p ^ N. This contradicts to lower bound ()4.4() . D 
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Now we consider the critical case, i.e. when {q,(T) belongs to the critical line A*. We need 
to distinguish between the cases q > —1 and q = 1. 

Proposition 4.8. Let q G (— l,p — 1) and a = 7*(g — p + 1) + p. Then (|1.1|1 has no positive 
super- solution in Bf. 

Proof. We start as in Proposition 14.61 with Ch in place of /^ in (|4.8() . The strong Harnack 
Inequality (|2.4|) and upper bound (|4.10|) imply that 

(4.11) sup u<Cs inf u <cR"'* {log Rf, R > 4. 

Ar/2,R ^R/2,R 

We conclude that 

W{x)>e{log\x\f'^^-P+^'> in B^, 

for some e > 0. Hence u > is a super-solution to the equation 

M19^ A., ^^„P-i e(log|x|)* „,p-l_^ r.c 

(4.12) -ApU - 7—-u^ - -p-f— — ?Hm^ ~ ^ ™ ^4> 

\x\P |x|Plog \x\ 

where t := (3* (q — p + 1) + m > 0. So, the assertion follows by Corollary 13.21 D 

In the 'double critical' case q = —1 equation (|4.12|) does not directly lead to the nonexistence, 
because t = 0. So we need to improve estimate ()4.11|) . 

Proposition 4.9. Let q = —1 and a = 7*(g — p + 1) + p. Then (|l.lj) has no positive super- 
solution in B^. 

Proof. Arguing as in the proof of Proposition 14.81 we conclude that u > is a super-solution to 
the equation (|4.12|) with t=0. We may assume that ei < C*. Then using Lemma l3.5r iii) and 
applying the strong Harnack inequality to equation ()4.12() . we conclude that 

sup u<Cs inf u < cR'^* {\og Rf , R>2p, 

Ar/2,R Ar/2,R 

where /? G (/3+,/3^,) and p > 4. Therefore u > is a super-solution to the equation 

^/^u-^u^-^- ^ ,^^^^ , y -^=Q in Bl^, 
^ \x\P |j;|Plog™* |x| 2^' 

where 

W{x) := C\x\P-^ log'"* |x| u-P > c(log \x\f-f^P in S^^. 

Hence, the assertion follows by Corollary 13.21 D 

This completes the description of the nonexistence region Af and the proof of the nonexis- 
tence part of Theorem ll.il Next we show that the established nonexistence results are sharp. 

4.4 Existence 

As soon as the nonexistence region J\f is described, the construction of explicit super-solutions 
in its complement is straightforward. 
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Case /x < Ch- Let {q,a) G M^ \ AA. Choose 7 G (7_,7+) such that 



' 7- < 7 < ^^ if q>p-h 

■^^ < 7 < 7+ if g < P - 1, 

7- < 7 < 7+ if g = p — 1. 

Then one can verify directly that the functions u = rr'^ are super-solutions to (|1.1() in B^ for 
an appropriate choice of r > and p > 1. 

Case iJL = Ch- Let (g, ct) G M^ \ A/". For p = N, choose /3 G (0, 1) such that 

J 0</3<l if o->iV, gGM, 
"^ ^ < /3 < 1 if fj = iV, q<-l. 



Then one can verify directly that the functions u = t log^ r are super-solutions to (jl.ll) in 5^ 
for an appropriate choice of r > and p > 1. 
For p ^ N, choose (3 G (0, 2/p) such that 

J 0</3< I if CT> A*(g), qGM, 

l-F:|+T</5<f if f7 = 7*(9-P+l)+P, g<-L 

Then ()A.6|) implies that the function u = rr'''* (log r)^ satisfies 

(4.13) -Apu - ^uP-^ > ^ -uP-i > -^n^ in B^J, 

^ \x\P - \x\Plog^\x\ ~ |x|'^ '" 

where e = f3{p — 1){2 — (3p)/2 G (0, C*) and r > 0, /> > 1 are chosen appropriately. 
This completes the proof of Theorem 11.11 
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A Appendix: Sample sub- and super-solutions 

In this section we construct explicit super- and sub-solutions to the homogeneous equation of the form 

(A.l) -Apu - -rruP-^ - , , /„ , y -^ = in B% 

^ ' ^ \x\v |a;|Plog"* |x| '^ 

where p > 2. In what follows we assume that /i < Cu and e G [0, C*), where Cn-, C<, and ?n, are defined 
in 1)3. l|l . When u is radially symmetric we loosely write u(|a;|) — u{r) instead of u{x). In this case in the 
polar coordinates (r, ui) on R^ equation (|A.1|I transforms into the ordinary differential equation 

(A.2) -ri-^(r^-iKrV).-4"'''- v^'^n, u^-' = {r > p). 

rP rP log r 

Let /i < Ch- Set 7* :— ^^ — . By 7_ < 7+ we denote the real roots of the equation 

(A.3) -j^r^ ij{p - 1) + N - p) = fi. 

li fi < Ch then 7_ < 7* < 7+. li fi ~ Ch then 7-j- =7*. It is straightforward to see that if fi < Ch 
and e = then the function u — r^ is a sub-solution to equation (|A.2p 1/7 G (— cxd, 7_] U [7+, +00) and 
a super-solution ifj G [7-, 7+]. 

Let p = N and e G [0, C»]. Then /3_ < /3+ denote the real roots of the equation 

(A.4) /?^-i(l~/3)(7V-l) = e. 

Notice that < /3_ < ^^^ < /?+ < 1. It is simple to verify that the function u := log'^ r is a sub-solution 
to (|A.2(I if [3 G (-00, /3_] U [/3+, -f 00) and a super-solution if (3 G [/3_, /?+]. 

When p ^ N , fj, = Ch and e G [0, C*] the situation becomes more delicate. We denote by /3_ < f3+ 
the real roots of the equation 

(A.5) i|^*|p-2(p_i)(2_^p)^^e, 

If e < C, then < /3_ < i < /3+ < |. If e = C* then /?_ = /3+ = i. 

Lemma A.l. Lef p ^ N, fi = Ch and e G [0, C*]. Let up^rir) ■= r'''* (log r)'' (log log r)^, where /3 > 
and r G M. T/ie following assertions are valid. 

(z) Lei e G [0, C»). T/ien there exists p — p{p, N, /?, r) > 1 such that 

(a) up^T- is a super-solution to (|A.2p if (3 G (/?_,/?+) anrf a sub-solution if (3 < /?„ or (3 > (3+; 

(b) up__r is a super- solution to (|A.2|I if t > and a sub-solution if t < 0; 

(c) up^^r is a super-solution to (|A.2p if t < and a sub-solution if t > 0; 

(d) u^^,o is a super- solution to (|A.2|I i/p G (1,2] U (iV, +00) and a sub-solutions if p G [2,N). 

(ii) Let e = C* . Then there exists p — p{p, N, /3, t) > 1 such that 

(a) up^r is a sub-solution to l)A.2(l if (3 ^ 1/p/ 

(6) Ui/pT is a super- solution to l)A.2|) if t E (0, -) and a sub-solution if t < or t > 2/p; 

(c) Ui/pQ is a super- solution to IIA.21) if p G (1,2] U (N, +cx)) and a sub-solution if p £ [2, N). 

Proof. Observe that for every /?, r G M there exists p > 2 such that u,. does not change sign on (p, cx)). 
Then a direct computation (similar to |4()l Lemmas 2.1, 2.2]) verifies that 

A I \P-^(\ 12 , P{p-l){2-Pp) 1 1 

V ^ log r log r log log r 

^ log r log log r o{i\ — p) log r 

where 



i?(r) = O ( ^ \ J— ) as r — > 00. 

\log r log log r log rj 

The rest of the proof is straightforward. D 
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Sub-solution 


Sup or- solution 


Sub-solution 


p = iV, e = 


/3 < /3_ , r = 


Pe[/3-,l3+],T = 


/3>f3+,T = 


p^N,e = 


/3<0, r = 


13 e [0,2/p], r = 


/3 > 2/p , r = 
/3 = 2/p , r > 


P^N,ee{0,C,) 


/?</?-, r = 
/? = /3_ , r < 


/?G(/3_,/3+), r = 
/3 = /3_, T>Oor/? = /?+, r <0 


/3 > /3+ , r = 
/3 = /3+ , r > 


pj^N,e = C. 


/3<l/p,r = 
l3 = l/p,T<0 


/3 = l/p, re (0,2/p) 


/3 > 1/p , r = 
/3 = l/p,r>2/p 



Table 1: Case /i = C^- Properties ofup,r = r'''* (logr)^(loglogr)'^, for a large p > 1. 



Remark A. 2. Table ^ summarizes some values of the parameters f3,T E R which make the function 
U0,r — r'''* (log r)^ (log log r)"^ a sub- or super-solution to HA.2|) with /i — Cr and e e [0, C*], for a 
sufficiently large radius p > 1. Observe that the radius p > 1 depends on the data and, in general, 
can not be determined explicitly. Similar calculations with t — were provided in |4()l 14 1| for interior 
domains. 



B Appendix: Small sub-solutions 

A small (sub) solution to equation IjA.ip is a (sub) solution u > to ljA.l|) that satisfies the condition: 
(5) there exists a sequence (6'„) S WI'°^{MJ^) such that On -^ 1 a.e. in R" and 



/ TZ{9nV,v)dx —^ as R —> -\-oo, 

JB'i 



where TZ{w, v) — |Vw|P — V {-;j^) |Vu|^~^Vw is defined as in ProDOsition l2.1l In order to apply Theorem 
12. 71 to equation (|A.1|I we need to verify that (|A.1|I has small sub-solutions, which is done in the following 
proposition. 

Proposition B.l. Set v = r"*" (log r)'^ (log log r)'^. The following assertions are valid. 

(i) Let 7 < 7,, /3 = 0, T — 0. Then v is a small sub-solution to (jA.ip with fi < Ch o,rid e — 0; 

(ii) Let p ^ N, 7 ~ 7*, f3 = 1/p, r < 0. Then v is a small sub-solution to (lA.ip with p = Ch and 
ee(0,a); 

(Hi) Let p — N, 7 = 7*, (3 — j^ , r < 0. Then v is a small sub-solution to (jA.ll) with jj, — and 

ee(o,a). 

Proof. Lemma |A. II in case (ii) and direct computations in cases (i), (iii) show that u is a sub-solution 
to (jA.ip for corresponding p and e. Below we show that Jg^TZ{9'^v,v) dx ^ as R ^ +00, where 

9r e C^'\0, 00) is defined by 

1, < r < i?, 



OR{r) 



logfl ■ 

0, r>R 



R<r < R'^, 



and a > 1 will be chosen later. By Proposition 12. II for R> p we have 
/ n{e'^v,v)dx = I TZ{0%v,v)dx+ f n{e%v,v)dx 

n{v,v)dx+ I TZ{0RV,v)dx = CN I n{e%v,v)r^~^dr 
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Below we estimate the latter integral. 

(i) Using the inequalities (see, e.g., |42[ Lemma 7.4] ) 

(1<P<2), 



(B.l) 



(B.2) n{eRV,v) < cs\v{0ny^\P, 

we obtain directly that there exists c > such that 



(B.3) 



n{0RV,v)r^-^dr<c- 



IB, (logi?)P 

{ii) Set Q{r) :— —7* log r log log r — /3 log log r — t. Then direct computations give 
nogr)('^-i)PaoEloer)(^-i)P / i?2\"P-P 



r^ (log i?)"P 



R^ log r log log r 

log — + a — — 

r Q[r) 



i?^\^ /, i?^ log r log log r 

log — log — + ap ^ ° ^ 

r y \ r (y(r) 



Let p > 2. Choose a = 1. We use the inequality (see, e.g., [321 Lemma 7.4]) 



(B.4) 
with 

to obtain that 



Zl+Z2\P-\zi\P-p\z,\P-'z,Z2< 



i\zi\ + \z2\r-' \Z2\' (Z1,Z2GR) 



, i?^ log r log log r 

Zi = log , Z2 = —— 

r Q(r) 



TI{9rv,v) < ci 



(logr)('5-i)P+2(loglogr)(^-i)P+2 



,.w i^„.p 



logP i? 



O^-'(r) 



log 



R^ log r log log r 



QW 



p-2 



Cl 



(log r) (/5-i)P+2 (log log r) (^- 1 



-l)p+2 



r^ logP R 



U' 



Q{r) log h log r log log r 

r 



p-2 



Thus we arrive at 



(B.5) 



TZ{0iiV, v) dx < 



Cl ["■ (logryPOoglogr)^ , ^ ., m/3p-in 1 mrp 

— ^ — / c(r<clogi?rP loglogi? P. 

log^RjR r - y & J 



If 1 < p < 2, choose a > -. Observe that the Taylor expansion applied to the function f{t) = \z\ +tz2\^ 
with < t < 1, zi, Z2 £ R, zi ^ and Z1Z2 > leads to 



»-2 p(p - 1) 

|zi + Z2I" - |2;i|- -p|zi|P Z1Z2 = 



p _ i,jp _ .1., ip-2,, ,„ _ ^:u_^ 1^^ ^ to^2r'|z2|^ < ^^^ \zir'\z2f, to e (0, 1). 



Using the above inequality with 



we obtain 



niORV.v) < Cl 



, R^ log r log log r 

zi=log — , Z2 = a -— , 

r Q(r) 



(logr)(/'-i)P+2(loglogr)(--i)P+2 / R^y 



r^(logi?)"P 



log—) QP~\r). 



Since ap — 2 > we conclude that 

(B.6) / nOHV,v)dx < ^^ ^^ ^logr)^P(loglogr)-P ^^ ^ c(logi?)/'P-i(loglogi?)-. 

Ja„,h2 log -Rifl, J' 
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(in) An easy computations shows that 



c 



n{eRV,v) < /^ (logr)^^(loglogrr^. 
r" log R 



Therefore 



/ n{eRV,v)dx < — 5p- / 

Ja^ „2 log R Jr 



R (logr)'3^(loglogr)"^ , 
dr 



log^^ RJr r 

(B.7) < c(logi?)'^^-^+i(loglogr)^^. 

This completes the proof. D 

C Appendix: Large sub-solutions 

A iarge (sub) solution to equation l|A.Hl is a positive (sub) solution of the problem 



\x\P |a;|Plog"*|x| 



(C.l) -Apu-^^P-^- i^i„i^„m, i^i ^^'\<) = in B^,, ^^ = on Sr, 



with a sufficiently large R > 1. Below we establish the existence and asymptotic behavior of large 
sub-solutions. 

Theorem C.l. Let ij, < and e = 0. The following assertions are valid. 

(i) if p j^ N or n < then u ~ \x\'^+ — R''+ is a positive sub-solution to (|C.1(I . 

(m) if pL = Q and p ~ N then u — log \x\ — logi? is a positive sub-solution to (|C.1|I . 

Proof. Note that if /j, < then € [7- , 7+] . Hence positive constants are super-solutions to IjCljl . Then 
a direct computation verifies that u = r''+ — R'^^ or u = log \x\ — logR are sub-solutions to l)C.l|l . D 

Theorem C.2. The following assertions are valid. 

(i) Let p ^ N , /i e (0, Ch) and e = 0. Then (|C.ip admits a solution u > such that 

u = c|a;P+(i+°(i» as r ^ +00. 

(ii) Let p 7^ TV, n = Ch and e = 0. Then (|C.ip admits a solution u > such that 

I IT. n I l^- (1+0(1)) 
u = c|a;| ' (log |a;|)p as r ^ +00. 

(Hi) Let p = N , fi = Ch and e G (0, C*). Then (|C.1|I admits a solution u > such that 

/I I |N/3i (1+0(1)) 

u — c(iog\x\) ^^ ^ " as r ^ -l-cxD. 



(w) Let p ^ TV, ^ = Gh o,nd e S (0,C*). Then (|C.1I) admits a solution u > such that /< 



or every 



6 € (0, min{/3+ — -,- — /3+}) t/iere exists eg > and Rg > e and u satisfi' 



p' p 



es 



C5 "'"l^^r* (log |a;|) + < w < c^ja;!'''* (log |a;|) in (Rs, +00). 

Our proof of Theorem IC.2I employs the generalized Priifer Transformation. The classical Priifer 
transformation is a well-known tool in the theory of linear second-order elliptic equations, cf. J15L 
Chapter 8] . Its generalization to the context of p-Laplace equations was recently introduced by Reichel 
and Walter |21j, see also ^1^^. For the readers' convenience we collect below required facts for the 
generalized sine functions and Priifer transformation. 
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C.l Generalized sine function 

The generalized sine function Sp{ip) (p > I) was introduced in |31j as the solution to the problem 

(C.2) \w'\P + ^^ = l. ?«(0) = 0, w'{0) = l. 

p-1 

Equation l|(].2|l arises as a first integral of (w'lw'l^^^)' + w\w\p^^ — 0. The solution of l|(].2|l defines the 
function Sp{^) = sinp(V') as long as it is increasing, that is, for tp G [0, TTp/2], where 

^ ' ' 2 Jo l-tP/{p-iy/p psmiir/p) ' 

Since S'p{Trp/2) = 0, we define Sp on the interval [TTp/2, iTp] by Sp{il') = SpiiTp — t/;), and for ip G (tTj,, 27rp] 
we put Sp{'il') = —Sp(2np — ip) and extend Sp as a 2TTp - periodic function on M. The following properties 
of Sp will be used frequently (see |Hlj\ 

Lemma C.3. The generalized sine function Sp satisfies the following properties, 
(i) Sp satisfies 103 on R; Sp G C^K) and \\Sp\\oo = [p - if^; 
(n) S'^\S'^r^ e C\R), ||5;|U = 1 and \\{S'^\S'^r^)' U - {p - l)'^^-^^ ' ^ ; 
(Hi) ifp < 2 then S'p G C\M.), while if p > 2 then S'p G C^^^/^P-^^{M.); 
(iv) (p- l)V'(V') = ~SP-^\S'p\'-P , i, G (0,7rp), V ^ ^p/2. 

Clearly, S2{'4') = sin(-(/') and tt2 — tt. Notice also that Sp{t) ^ 1 — |t — 1| as p ^ oo, and Sp{t) -^ 
as p ^ 1. The generalized sine function was discussed in great detail by Lindquist in 31 . 

C.2 Generalized Priifer transformation 

In order to construct a positive solution of ljC.l|) it is sufficient to solve the initial value problem 
(C.4) -r^-'^{r'^-^\ur\P-^Ur)r-Vir)uP-^ =0 in(i?,+oo), u{R) = 0, u\R)>0, 

where we set 

V{r) :^ -^ + /„ ■ 
^ ' rP rP log * r 

Following |21 , we use the generalized sine function to transform ljC.4|l into phase space via the generalized 
polar coordinates (p, ip) defined by 

( r^-^u'\ur-' = pir)S'^mr))\S'^i^ir))r^, 

^ ^ \ Q{ryP-^yPuP-^ = p{r)SP~^{i;{r)), 

where the function < Q G C^{R,+oo) will bee chosen later. A calculation similar to jHH Lemma 
2] shows that by means of the generalized polar coordinates l|C.5|) equation (|C.4p transforms into the 
Cauchy problem 

f V/ - v,\s'pW\p + V2^ + ^^SpWS'pms'pmp-\ HR) = 0, 

j P' - p[{Vi-V2)SPp-\^P)S'p{rP) + ^^%SPp{^)], p{R) > 0, 

in (i?, +oo), where Vi and V2 ai"e defined by 

l-iV 1 »r 1 1-P 

Vi{r) := rl^Qp(r), ^aW := r^" V(r)Q^^ (r). 

Notice also that by means of (|C.5|) a pair of C^ -functions {p, tp) satisfying (|C.6p transforms into a positive 
solution u to IC.4II. 
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The main feature of system (|C.6|) is the fact that its first equation is independent of p. Notice also 
that the second equation is hncar in p and is completely integrable provided the solution ip of the first 
equation is given. 

For the choice of Q{r) we distinguish between the cases V{r) > and V{r) < 0. If V{r) > then 
we set 

(C.7) Qirj^Viry""^^. 

Then V\—V2 = V^^p and using Lemma FC. 31 we rewrite (|C.6(I in the form 

p(W-l) 

in (i?, +00). In the case V{r) < one can choose Q{r) — —V{r)r p-i , however we are not interested 
in this case below. 



The main tools of our analysis of (jC.Sp will be a simple comparison principle between sub- and super- 
solutions and a stabilization argument for a time-dependent one-dimensional ODEs. The comparison 
principle below can be found in 39 . 

Lemma C.4 (Comparison principle). Let f : {R, 00) x M ^ M fee locally Lipschitz-continuous in {R, 00) x 
R. Let (j), Lp he C^ -functions on (R, cx)), continuous in [R, 00), and such that 

(^'{r) < fir, </>), ip'ir) > f{r, ip), (j>{R) < ^{R). 

Then (j}{r) < ip{r) in [_R, 00). 

Lemma C.5 (Stabilization principle). Let f : (i?, 00) x K ^ M &e locally Lipschitz-continuous in 
(R, c») x R, and linir^oo /(^, = /*(C)i uniformly on compact subsets o/R. Let < ?/ G C^{R, 00) and 
Ir ^7 "'('O'^^ = 00 ■ -^s^ ip he a C^ -function on (R, 00) such that 

^' = ^ ir>R). 

Assume that f{r,'il){r)) > for all r > R and ijj is bounded above. Then fs,{ijji,) = 0, where ip^t = 

limr^oo'0(^)- 

Proof. Observe that ip{r) is monotone increasing and uniformly bounded, so the limit ^* exists. Assume 
for a contradiction that /*(')/'*) > 0. Then there exist 5 > and Ri > R such that f{r, ip{r)) > 6 for all 
r > i?i + 1. Then 

tjj{r) = ip(Ri) + / ■^^'^'fl^^^ ds >ci+ -^rds ^00 as r ^ +00, 

Jr, V[s) Jfli+i vis) 

which contradicts to the boundedness of tp. Thus the assertion follows. D 

C.3 Proof of Theorem EH 

Below we establish the existence and asymptotic behavior of a solution (-0, p) to system (jC.Sp . Then the 
existence and asymptotic of a positive solution to (jC.4p can be computed directly from the asymptotic 
of ip and p via HC.5|) and (jC.7p . 

(i) Case fi e (0, Ch), e = 0, p ^ N. We consider in detail only the case p > N, the case p < N 
being similar. 

System (|(L8|I can be written in the form 

(C.9) ^-^, ^ = ^ in (i.,+00), 

r p r 
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where 

Notice that < 7_ < 7+. An elementary calculation involving (jC.2|l shows that F{ip) = if and only if 
tp satisfies 

(CIO) Sp{^)^(^{ji{p-l) + {N-p))^^ ' and S^O^) = (^^^^^ \ 

Then it follows from the definition and properties of Sp{4>) that the solutions '0± G (0, TTp) of F{tp) — 
are uniquely (modulo 27rp) determined by j± via (|C.10|) . One can also see that 



< V+ < V-- < y- 

Moreover, F{t(;) is strictly positive for ip £ (0, ■;/'+)■ 
Let '4'{r) be the solution to the problem 

(C.ll) ^' = _^rZ in (i?,+c5o), V'(^)=0, 

r 

for some R > 1. Observe that the right hand side of l|C.ll|l is bounded and smooth for all (r, i/)) G 
(1, cxo) X M, so ■0(r) exists for all r > R. Note also that V'+('') = V'+ is a stationary solution to IjC.lip . 
So, '0(r) < 'i/'-f, for all r > R,hy Lemma FC. 41 Moreover tp{r) is monotonically increasing and F{ilj{r)) > 
for all r > 0. Thus, by Lemma 1(1 51 we conclude that limr->oo V'(^) = V'+- 

Lemma C.6. Let ip be the solution to (|C.1H) . T/ien ip(r) — ■!/;+ + w(r) where a;(r) < m [i?, +00) ond 

w(r) = cr-^h+P+^'PK^+oW) as r ^ +00, 
/or some c < 0. 
Proof. Since 

(C.12) F{i,) = F(V'+) + F'(^+)(V' - V+) + e(^ - i,+ ) = F'(7/^+)(7/; - V+) + Q{^ - V+), 
where ^{'ip — V'+) = 0((V' — i'+Y) as ■(/; ^ ^+, by Lemma fCSI fiv') we obtain that 

(C.13) F'{^) = ^ {\s;iw + iP- i)Spii;)\s'^iw-'s;w) = ^ {is'^iw - s^pW) . 

Using HC.10|) we arrive at F'(V'+) = -{j+p + N - p) < 0. Set uj{r) := '(/'(^) - V'+- Thus w(i?) = -1/'+ 
and Lu satisfies 

to' F'{ip+) e(w) 

uj r roj 

Therefore we infer that 

, oj(r) , ,r\-h+P+N-p) r Q(lu) ds 
log — — = log ' - > ' ' 



' uj{R) \RJ Jj^Lus 

So, the assertion follows by the L'Hopital's Rule. D 

Given the solution ip{r) to IjClljI . let p(r) be the solution to the problem 

(C.14) P^^^WO -^ (i?,+oo), p(i?) = l. 

p r 

Observe that the right hand side of (jC.14|l is bounded and smooth for all (r, ip) £ (i?, cx)) x R, so p{r) 
exists for all r > R. 

Lemma C.7. Let p be the solution to (|Cn4|l . Then p{r) = cr^i+{p-'i-)+N-p){i+o{i)) as r -> +00, for 
some c > 0. 
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Proof. Observe that p satisfies 

(C.15) //^GW^^lMlO)^ r,iR,+oo), 

p r r 

where S('0 — ^+) = o{ip — tp^) as "0 — > tp+ ^^id uj{r) := ip ~ -0+ is given by Lemma IC.6I Using the 
definition of G, (|C.in(l and IjA.ap we conclude that G'(V'+) = 7+(p - I) + N - p. Therefore 

p(r) ^ . r \'r+ip-i)+N-p r_ ds 

So, the assertion follows by the I'Hopital Rule. D 

Remark C.8. The case p £ (0, Ch), e ~ Q and p < N is similar, the only difference being that if p < N 
then 7_ < 7+ < and hence 7rp/2 < ip^ < ip- < iTp. 

(ii) Case /i = Ch, e = 0, p j^ N. We consider in detail only the case p > N, the case p < N being 
similar. System (jC.Sp can be written in the form ljC.9p . where 



(C.16) F{^p):=\j^\ + ^^s,{i:)s;ms;wr\ gw ■.= ^^ s'^^j). 

Notice that 7, = ^^ — > 0. A simple analysis shows that F('i/;) = if and only if ip^, = (7r/4)p modulo 
27rp , where (7r/4)p e (0, 7rp/2) denotes the unique solution to the equation 



(C.17) 5p(0) = 5;w = (^^) 



1/p 



It is clear that (7r/4)2 = 7r/4. Observe that F{iIj) is nonnegative for all ^/i e M and strictly positive for 

V'e(0,V*). 

Let '(/'(r) be the solution to IjCllj) . for some R> 1. Clearly tp{r) exists for all r > R. Note also that 
V'*(r) = V'* is a stationary solution to (|C.11|) . So, ^{r) < -0* for all r > i? by Lemma lU^ Moreover, by 
Lemma IC.SI we conclude that limr_+oo V-'(^) = "0*- 

Lemma C.9. Let ip be the solution to ljC.ll|l . Then ipi^) admits a representation tp{^) = V'* + ^{r) 
where Lo{r) < in [R, +cxd) and 

(C.18) ^,) = _2p-^l + o(l) ^^ ^^ 

^ ^ ^ ' p p- N logr 

Proof is similar to the arguments in the proof of Lemma [(161 Notice only that F'{tp^,) = F{ip^) = 
and F"{^Ij,) = -^2^^, so use F{iP) = iF"(^*)(0 - 0,)2 + o{{tP - 0,)^) instead of (imil . 

Lemma C.IO. Let p be the solution to (|C.11(I . Then p{r) = cr^'''* (logr)'- ? '^ ^°^ '' as r ^ +00, for 
some c > 0. 

Proof is essentially the same as the one for Lemma IC.7I the only difference being that instead of 
(|C.15|) one uses 

p r r r 

where G{ip*) = -7*, G'{^^) ~ N - p. 

Remark C.ll. The case p = Ch, e = and p < A^ is similar, the only difference being that 7* < 
and hence ?/;, = (37r/4)p :— iTp — (7r/4)p. 
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(iii) Case /x = Chi e S (0, C*), p = N. In this case system IjCSp can be written in the form 

tp =— , — = — m (i?,+cx)), 

r log r p r log r 



where 



i^(V') := 6^/^ - SnS'^\S'j,\''-', G(V') :- -5^. 



A simple calculation shows that F{ip) = if and only if 

(C.19) 5^(V) = (1 - /3±)'/^, ^^(V^) = PH'', 

where /3± are roots of ljA.4(l . Note that < /3_ < -^^^ < /S^. < 1 and hence the solutions 'tp± £ (0,7rjv) 
of ljC.19|l are uniquely (modulo 27rjv) determined and satisfy 

< V+ < ^ < -0- < TTAT. 

Observe that F{ip) is smooth, bounded and nonnegative for all ?A £ R and strictly positive for ip £ (0, ip+)- 
Let ip{r) be the solution to the problem 

(C.20) V' = -r^' ^(^) = 0, 

in {R, +(X)), for some R> e. Note also that ?/'+('') = "0+ is a stationary solution to (|C.20|I . So, ?/'('') < "0+ 
for all r > i? by Lemma FC. 41 Thus, by Lemma FC. 51 we conclude that lim^-^oo '0('') — '<P+- 



Lemma C.12. Let ip be the solution to (|C.20p . Then ilj{r) admits a representation ipi"!") = "0+ + '^('') 
where Lu{r) < m [i?, +oo) and 

a; = c(logr)Wi-^+)-i)(i+°«) as r ^ +oo, 

for some c < 0. 

The proof is the literary repetition of the arguments in the proof of Lemma IC.6I Note only that 
F(V'+) = 0, F^(V;+) = (1 - P+)N - 1. 

Given the solution tp{r) to l|('.20|l . let p{r) be the solution to the problem 

(C.21) p^^G^ .^^ (i?,+oo), p(i?)-l. 

p r log r 

Observe that the right hand side of (jC.2ip is bounded and smooth for all (r, ip) £ {R, oo) x R, so p{r) 
exists for all r > R. 

Lemma C.13. Let p be the solution to (|rr2T|l . Then p{r) = c(logr)(''+-i)(^-i)(^+°(i)) as r ^ +oo, for 
some c > 0. 

The proof is the literary repetition of the arguments in Lemma IC.7I Notice only that G{tp+) = 
{l-p+)iN^l). 

(iv) Case fi = Chi e G (0, C*), p ^ N. We consider in detail only the case p > N, the case p < N 
being similar. 

The equations in system (|C.8ll can be written in the form 

(C22j Ip — , — = m [R,+oo), 

r p r 

where we use the notation 

F,{r,^) := U{r)+W{r)Sp{^)S'^mS'j,mP~\ Ge(r,^) := P^(r)5P(^), 
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log r 



i/p 



W{r) := 



N -p 2e 

P - 1 P {Ch log^ r + e) logr ■ 



Observe that yJfl ^ const, so the first equation in (|C.8p has no stationary solutions. For /3 > 0, denote 



A{r) := 7* + 



f3 
logr 



Below we suppress the dependence on r in U{r) and A(r) writing simply U and A. For r > e, let ^pir) 
be defined as the solution to the system 



(C.23) 



Sp{^) 



u 



(1^1-+^ 



TJ^ and 5;(^) 



A 



1^1^ + ^ 



i/p' 



satisfying < V'/S < ^. Fr om the definition of U and A one can see that limr^oo ippir) — (7r/4)p, where 
(7r/4)p is defined by (KTTtIi . 

Lemma C.14. Let /? > 0. T/ie following assertions are valid. 

(i) ///3 e (/3_,/?+) f/ien there exists R/s > e such that ippir) is a positive super-solution to the equation 



(C.24) 



V>' 



in {Rf}, +oo). 



(ii) If /3 ^ [/3_,/3_|_] then there exists Rfj > e such that t/jpir) is a sub-solution to ljC.24|l . 
Proof. A routine calculation based on l|C.23|l gives that 



where 



e(r) 



For r 



P 
log^r 

-oo we obtain 



/3 



log^r 



7* + 



i,'.^- F,(r,^^) + 



AP 
P 



U 



Ap + -^ 



-e(r) 



logr 



UP 

p-\ 


N - 
P~ 


-Pj^P-i 


-\i 


1* 


P 



p — 1 log r 



7* + 



P 



logr 



p-i 



1 



17* 



P - 1 log r P - 1 



e(r) = -M!:!(^^M^:i^ + o 



2p 



log'(r) 



log r 



Thus the assertion follows. 



D 



Set b := I3+-S, B := (i+ + 5, where J > is chosen such that i<6</?+<B<-.By Lemma IcTmI 



there exist i?b and i?^ such that iph and i/jb are sub- and super-solution to 1C.24|I . respectively. Set 
Rs := max{i?b,-R_B}. It follows from l)C.23p that i}jb{Rs) < ^b{Rs)- Let tp*{r) be the solution to the 
problem 



(C.25) 



•0* = in (-R5,+oo), '(/'*(-f^<5) = V'o, 



where V'o & {ipB{Rs),ipbiRs))- Observe that F^lr^i})) is smooth and bounded, so V'* exists for all r > Rs. 
Moreover, by Lemma FCL 41 we conclude that 

(C.26) ^B (r) < Mr) < Mr), r G [Rs, +«)), 

and, one can see that F^{r,ip^,{r)) > in [Rs, +oo). Observe also that lim,._>oo i^*{r) = (7r/4)p. 
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Let tp{r) be the solution to the problem 

(C.27) V'' = ^^^^^, ^Rs) = 0. 

r 

Clearly, ip{r) exists for all r > Rg. By Lemma rC.4l one has < ip{r) < ip*{r). Hence using the definitions 
of F^, Sp and S' one can see that F^{r, ^/'(r)) is strictly positive in [Rg, +00). Notice that 

lim Fe(r,V) = i^W, 

r— *oo 

uniformly in ^, where F is defined by l|C.16|l . Thus, by Lemma IC. 51 we conclude that lim^^oo V'(^) — 
(V4)p. 

Lemma C.15. Let ip be the solution to (jC.2711 and i/j^ be the solution to ()C.25|) . Then tj(r) :~ ip{r) — 
ip*{r) < in [Rs, +00) and satisfies the inequality 

CiUJ+{r) < tj(r) < C2Cj^(r), 

for some a <0, C2< 0, where uj+{r) = {logr)-''P(-^+°^^^\ w_(r) = (logr)--^P(i+°(i)) as r -^ +00. 

Proof. Note that uj{Rs) ~ — f/'o and uj{r) ^ as r ^ +cx). Fix r > Rg. Near ^pt{r) we have 



(C.28) F,ir,^) = F,i^,) + {F,y^{r,4'*){4'-^*) + Myiir,i^*)i^-^.y + e{r,i^-^.) 



1 

2 

where Q{r, ^ — ip*) = o((V' — ip*)'^) as -0 — > i/i*. A direct computation gives 



(C.29) {Fs{r,i^)y^ = W{r){\S'p{n''-\SpWn 

(C.30) {FAr,i^)y; = -^Wir)\SpWr'S;i,p). 

Since ip = ip* + ^, and ip* solves the same equation, from (IC.28II we obtain 

^ r 2 r r 

Using E26l), (ESU), in:29ll and iTTaOll we conclude that 



viogVy - ^ '''' ^"- logr ViogVy 



log r \ log r 

p-llogr \\ogrJ ^ p-1 p-llogr \logr 

as r — > +00. We substitute the above estimates into (|C.31() . Then 

(C.32) uj'<~Bp- + ^, ff— + ^, ^ ^, - + 



rlogr 2(p — 1) r 2(p— l)rlogr \rlog^r ?" 



(C.33) c.'>-&p-^ + %^^ + -^^ + 0^" + "' ' "' 



rlogr 2(p — 1) r 2(p—l) rlogr \rlog r 

as r — > +00. From l|('.33|l we infer that 

oj' bv bp^ Lo „ f \ + uj up 

— < 7-^— + —^^ + 0' 



(jj r log r p — 1 r log r \ r log^ r ^ / ' 

and, hence, 

log^<clog(logr)-Mi+o(i)), 
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or, equivalently, 

as r ^ +00. Therefore by l|('.32(l we infer that oj satisfies 

Uj' Bp C Bp^ LO ^ / 1 + LU up' 

> r-^ 7, .. ,. , ,.,, + „. .. ^ + 0' 



UJ ~ rlogr r(logr)''P(i+''(i)) 2(p-f)rlogr V^'log^r r 

and, hence, 

logi44 > log(logr)-^P(i+°(i)) - c(logr)-^P(i+°(i»+\ 
uj{R) 



as r — > +CX). Since b > ^, one has 

w(r) <-c(logr)-^P(i+°(i», 
as r ^ +00. The assertion follows. D 

Given the solution ^(r) to the problem l)C.27p . let p{r) be the solution to the problem 

(C.34) p^^CMr^ .^ (Rs, +00), piRg) = 1. 

p r 

Clearly the right hand side of HC.34p is bounded and smooth for all (r, ip) G {Rp, 00) x M, so p{r) exists 
for all r > Rp. 



Lemma C.16. Let p be the solution to (|C.34I) . Then p satisfies the estimate 

cip-(r) < p{r) < C2p+{r) 

for some ci > 0, C2 > 0, where p-{r) = r-^* {\ogrf(p-'^)(^+"W) ^ p+(r) = r-''- {\ogr)^iP-'^)i^+°W) as 
r — > +CX). 

Proof. Near ^pt,{r) we have Ge{r,ip) = G'e(r, V'*) + 2(r, -0 — "0*), where S(r, -0 — -0*) = O(-0 — -0*) as 
r ^ +00. Using l|('.26p we obtain 

W{r)SP{^P,) < Ge(r,0*) < W^(r)5P(0B). 
By a simple computation we conclude that 

b{p-l) , 0(1) /^ , , , , / S(P-I) , 0(1) 



< Ge(r,V',)+7* < ^^^ - + ■ 



gr log r logr log r 

as r -^ +00. Therefore p satisfies 

r log r \ r log r r J p r r log r \r log r r 

as r — > +CXD. Thus we have 

logf^)''"\^ + c(log.)-Mi.oa)Hr 
\ log it/ logr 

< log 4^ - log (^r^ < log fS)''"' + ^ + c(log.)-^(-°(^))-, 



p{R) ^Vi?/ - ''\logRj logr 

as r — * +00. So, the assertion follows from - < b < B. D 

Remark C.17. The case p = Ch, e G (0, C,) and p < TV is similar, the only difference being 7* < 
and hence lim,.^+oo 0*(?') = (37r/4)p. 
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